This paper shows that the smallest size of a set for which a finite fundamental inverse semigroup can be faithfully represented by partial transformations of that set is the number of join irreducible elements of its semilattice of idempotents.
Introduction
In faithfully representing a given semigroup by partial transformations of a set, it is natural to ask what is the least size of a set for which this is possible. This question, among others, was posed by Schein in [7, Problem 45] .
Here, the problem is solved for finite fundamental inverse semigroups. The special case of a semilattice is considered, from which the general case follows by applying a theorem of Munn, which describes fundamental inverse semigroups in terms of principal ideal isomorphisms of semilattices. THEOREM 1 [7, 4.10 ]. An inverse semigroup S with semilattice of idempotents E is fundamental if and only if it is isomorphic to a full inverse subsemigroup of "!" . hi Hereafter all semigroups will be assumed to be finite. Define the minimal faithful degree \i(S) of a semigroup 5 to be the least nonnegative integer n such that S can be embedded in VT Y , the semigroup A of partial transformations of a set X , where X contains n elements.
Note that if T is a subsemigroup of S then pffl < \x(S) . If X is a set, let id^ denote the identity mapping on X .
The following result follows from more general results about inverse semigroups (see for example [5, iv.5 
range(e §).
It is routine to verify that < j > is a faithful representation. Moreover, if x e domainfeifj then x e xange(e^) , so, for some y e X , x = y(e §)
which yields x(e$) = [y (e<p)](e$) = [y(e$)](e$) = y(e$>) = x ,
that is, e<f> = id Thus, by Lemma 4, and since \ji is a faithful representation,
But X, -is join irreducible, so x, 7 = i x . , for some j where 1 < j < k . Thus x, 7 < x. , so
By Lemma 4, ^.,1 c^X. , which contradicts the fact that ^r.,7 ^ %• This shows /n ^ n , so y ("ffj £ w .
Hence yf5j = n , which completes the proof.
4. Fundamental Inverse semigroups. Note that an element of a principal ideal of E is join irreducible in that ideal if and only if it is join irreducible in E . Hence < f > is well-defined and homomorphic because join irreducible elements are sent to join irreducible elements by semilattice isomorphisms, and one-one because a semilattice isomorphism of a finite semilattice is completely determined by its action on join irreducible elements.
Hence ( J > is a faithful representation, so \SL(T-) £ n , which b completes the proof.
